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We leverage on a new framework to formulate and approximate coupled partial differential
equations (PDEs) on manifolds with heterogeneous dimensionality [1,2,3]. On the basis of
this theoretical  knowledge, we study the mathematical  formulation and develop numerical
methods for fluid-structure interaction (FSI) that combine a 1D representation of the slender
structure with a 3D formulation of the flow. It is known that 3D-1D coupled problems can be
interpreted  as  3D  problems  with  concentrated  sources  (Dirac  deltas)  located  on  lower
dimensional manifolds of the domain. The solutions of such problems are affected by low
regularity,  which  in  turn  reduces  the  ability  to  construct  convergent  and  efficient
approximation methods. The new approach that we propose overcomes the previous issue
because it has the fundamental advantage to enable the approximation of the problem using
Galerkin  projections  on  Hilbert  spaces  [1,2].  For  this  reason,  we  are  able  to  perform  a
rigorous convergence analysis of approximation methods, such as the Finite Element Method
(FEM), applied to these problems [1,2]. First,  we address some general aspects of 3D-1D
mixed dimensional PDEs, with particular attention to their coupling, achieved by means of
Lagrange multipliers combined with a suitable projection operator form the 3D solution space
to the 1D space. We analyse the reduced coupling strategy by studying simplified models and
their asymptotic behavior [3]. Second, we apply this approach to the case of the interaction
between a beam and an incompressible fluid, described as a 3D-1D FSI problem. In this case,
we  compare  different  coupling  strategies,  putting  into  evidence  the  advantages  of  the
proposed approach.
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