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Flows in domains containing obstacles of a small size are challenging to model as it is generally 

not possible to mesh all obstacles within the domain’s mesh due to the huge computational cost 

that it would entail. In the case of steady flows, this problem can easily be solved by regarding 

the whole computational domain as a porous medium and introducing the so-called 

permeability tensor in Darcy’s law. It is also possible to include the auto-advection term from 

Navier-Stokes equations [1]. In the case of unsteady two-phase flows, the problem becomes 

challenging due to the presence of surface tension and of an interface evolving simultaneously 

at the scale of the domain and that of the obstacles. 

In this work, a computational homogenization framework is proposed to model unsteady 

incompressible two-phase flows in a domain containing small obstacles. This FExFE or FE² 

framework consists in separating the scale of the domain from that of the obstacles and meshing 

them separately. Fine scale meshes containing the obstacles are attached at each integration 

point of the coarse scale domain and a two-way coupling is ensured between the two scales.  

To establish and solve this coupled problem, several challenging issues are addressed. First, the 

incompressibility constraint is handled both at the coarse and fine scales. Compatible FE 

discretization is proposed to avoid instability. Then, at each time increment, an iterative 

Newton-Raphson procedure is used at the two scales to solve the coupled problem. Coarse scale 

variables are interpolated at integration points to provide boundary conditions for the fine scale 

problems. Fine scale solutions are averaged to provide the force and stress terms of the 

equations to solve at the coarse scale. Several automatic differentiation procedures are 

introduced to compute the tangent modulii for the linearization of these coarse scale equations. 

This framework is implemented in the FEMS open-source software [2], [3]. 
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